Abstract-Small cells deployment is one of the most significant long-term strategic policies of the mobile network operators. In heterogeneous networks (HetNets), small cells serve as offloading spots in the radio access network to offload macro users (MUs) and their associated traffic from congested macrocells. In this paper, we perform analytical analysis and investigate how the radio channel propagation impairments such as multipath fading, shadowing, and small cell base station density affect MUs' offloading to small cells network (SCN). In particular, we exploit composite fading channels in our evaluation when an MU is offloaded to SCN with varying small cell base station density in the stochastic geometry HetNets framework. We derive the expressions for service outage probability (equivalently service coverage probability) of the MU in macro cell network and SCN under two different composite fading scenarios, viz., Nakagami-Lognormal channel fading and timeshared (combined) shadowed/unshadowed channel fading. We propose efficient approximations for the probability density functions of the channel fading (power) for the aforementioned composite fading distributions that do not have closed-form expressions employing Gauss-Hermite integration and finite exponential series, respectively. Finally, the service outage probability performance of MU with and without offloading services is analyzed under various system parameters and channel fading conditions. Index Terms-Composite fading, heterogeneous networks (HetNets), offloading, outage analysis, small cell networks (SCNs).
I. INTRODUCTION
T HE evolution of cellular networks over the last few decades has been impressive. Networks planned for voice traffic now accommodate and support high data-traffic, and this growth has mainly been dependent on a network of large cells or macro cells providing an agreeable evenness of capacity and coverage. The network operators have already started to devise new solutions in order to expand and maximize capacity in high-traffic regions, while the macro cells network (MCN) will still continue to deliver necessary wide-range coverage and support for high-mobility users. An advanced approach is strongly required to support a gain in capacity of the magnitude enough to handle the ever increasing capacity demand, and this approach is set on shorter-range, lower-power small cells placed closer to the users, especially in denser deployments [1] . The needs of high data throughputs and improved coverage for home and office use, small cells have attracted significant interest in the wireless industry. Small cell deployments are one of the most significant long-term strategic policies of the network operators since small cell architecture delivers not only the required capacity boost but also the flexibility important for immensely localized deployments, and moreover, provides a higher satisfaction quotient from the subscribers' standpoint. Therefore, heterogeneous networks (HetNets), consisting of macro cells overlaid with small cells provide a cost-efficient, flexible and fine-tuned design, and facilitates expansion of existing cellular networks to meet the ever increasing network capacity demand. A further knock-on benefit of small cells is their potential to significantly reduce the network energy consumption if integrated with advanced energy saving techniques. Macro users (MUs) are, in general, bandwidth limited and mainly experience low signal to noise plus interference ratios (SINRs), especially when located at the cell edge. This is often observed by a large number of outage circumstances. Traffic offloading has been found to be a satisfyingly and most widely adopted solution where usage of cellular data and users' density are high [2] , [3] . In HetNets, small cells serve as offloading spots to offload users and their affiliated traffic from overloaded or congested macrocells. By bringing the radio access network infrastructure closer to the user, small cells network (SCN) has the capability in affording a better link budget, which translates into higher spectrum efficiency and efficient use of network resources to support a targeted capacity increase where needed at a much lower cost. Due to shorter distances between the transmitter-receiver pair, the transmit power required to achieve the same quality of service (QoS) scales down significantly in the small cells scenarios. For accurate small cells deployment planning and performance evaluations, the impact of channel propagation impairments such as large-scale fading, which arises from shadowing, and small-scale fading, which is due to multipath propagation need to take into account [4] , [5] . In a dense small cells deployment with aggressive frequency reuse in neighboring cells, i.e., in an interference-limited environment, co-channel interference should also be considered as a corruptive effect. Both the desired and interfering signals are subject to multipath and shadow fading, and it is necessary to 0018-9545 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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incorporate these effects in assessing the performance of user offloading based wireless communications systems.
A. Related Works
In the following, we briefly discuss prior research into traffic offloading schemes and corresponding incentive mechanisms. In [6] and the references therein, a comprehensive survey of data offloading techniques in cellular networks and main requirements required to integrate data offloading capabilities in mobile networks have been presented. In [7] , the authors investigated the coexistence of MCN and SCN where small cells base stations (SBSs) are allowed to transmit to their users as long as the aggregated interference remain below a certain threshold. In [8] , the authors analyzed various impacts of user offloading in a multi-tiered HetNets under a flexible received power association model. In [9] and the references therein, traditional spectrum access models under offloading to SCN classified under different spectrum access paradigms are presented. In [10] , [11] , repayment based offloading schemes under the objective of enhancing the energy efficiency are proposed, where MUs are granted SCN resources in exchange for mutual profit reimbursement. The density division based offloading scheme in [2] , [11] are same as the one considered in this paper. In [12] , the authors investigated the coexistence of SCN and MCN under the objective of lowering the energy consumption of the MCN by offloading traffic to SCN. In [13] , the authors have provided an analytical framework for offloading and resource partitioning in heterogeneous networks, and have shown that the optimal resource partitioning fractions decrease with increasing small cell density. In [14] , the authors proposed a novel scheme to jointly perform traffic offloading and time fraction allocation for proper transmission time scheduling to avoid interference experienced by users offloaded to SCN. In [15] the authors investigated an interference nulling scheme in improving system performance by carefully managing the inter-tier interference to the offloaded users in downlink two-tier HetNets with multi-antenna base stations.
In [16] , [17] , the authors proposed energy-aware data offloading schemes in order to make the offloading procedure more efficient while preserving satisfactory QoS for the offloaded users. In [18] , the authors studied two different types of offloading techniques (offloading the MUs to WiFi), namely, i) opportunistic offloading, where offloading takes place when the MU opportunistically meets WiFi access points and ii) delayed WiFi offloading. A threshold-based distributed offloading scheme is also proposed in [18] to release the burden on the macro cell base station (MBS). In [19] , the authors proposed traffic offloading from MBS to low power nodes, such as pico stations and explored the energy efficiency gains. The scheme is based on determining the optimal set of pico cells for offloading that improves the energy efficiency. In [20] , the authors investigated the tradeoff between users's satisfaction and the amount of traffic being offloaded, and proposed a novel incentive framework that encourages the MUs to leverage their delay tolerance for traffic offloading. In [21] , the authors quantified offloading and discussed several techniques to offload the users from macro access network to SCN, namely, offloading via small cell deployment, offloading via power control and offloading based on biasing in a Nakagami-m fading environment.
In [22] , the authors introduced a novel framework of cooperation among femto SCN and MCN and proposed incentive based approach for offloading, where the MCN exclusively grants the helping SCN a portion of its superframe to transmit in exchange for cooperation. A refunding based offloading scheme discussed in [23] , where an actor without licensed spectrum enters an offloading business where capacity and access to indoor and local area networks are offered to mobile operators. The work in [24] investigates the problem of RAN and spectrum sharing and proposes a cost division model of the shared network infrastructure depending on the amount of spectrum shared and/or size of customer base. In [25] , the authors considered a non-cooperative game for coexisting in unlicensed spectrum for capacity offload.
Most of the offloading schemes discussed above considered idealized radio propagation models and do not consider diverse fading scenarios, i.e., do not consider realistic fading and shadowing effects. Note that offloading decision is significantly affected by the wireless channel propagation characteristics. In such an environment, the link performance evaluation depends on many channel parameters. To assess the impact of these different parameters on system evaluation metrics, namely, the service outage probability, closed-form and tractable expressions are highly desirable.
B. Contributions
In practice, the MNOs are self-interested and do not prefer to share their own resources, for example, infrastructure, spectrum. etc. In this work, we deal with inter-operator/tier cooperation from an economical point of view. The scheme models the participating tiers as strategic entities cooperating for mutual benefit while ensuring a fair and healthy competition, and thus exploit the cooperation benefit in infrastructure, spectrum and wireless load sharing among different self-interested parties for their infrastructure deployment and spectrum cost savings. In our envisioned scenario, the MCN tier benefits from serving its MUs, located at the cell boundary area with low signal-tointerference-plus-noise ratio (SINR), thus, extending coverage of its service area without additional infrastructure deployment, while the SCN tier benefits from accessing the spectrum originally owned by the MCN and serving its own users. The mutual benefit of both the network tiers is the prime motivation for the studied spectrum and infrastructure sharing. Therefore, the rationale behind the cross-tier cooperative scheme is to provide benefit to participating self-regarded tiers from individual perspectives.
In this paper, we focused on the problem of analytically modeling the behavior of MUs' offloading to SCN. To the best of our knowledge, this is the first analytical study that elaborates on the performance of these offloading techniques under diverse fading environments. The paper mainly presents three key contributions:
1) Formulation of approximated closed-form expressions for probability density functions (PDFs) of shadowed Nakagami-m and time-shared (combined) shadowed/unshadowed channel fading channels. We propose efficient approximations for the PDFs of the channel fading (power) that do not have closed-form expressions employing Gauss-Hermite (for Nakagami-m) and finite exponential series (for time-shared shadowed/unshadowed fading). 2) Analysis on service outage probability of MUs with and without offloading served by SCN within the stochastic geometry HetNets framework. 3) Evaluation of the impact of SBS density and diverse channel fading scenarios on service outage probability performance of MUs. The remainder of this paper is organized as follows. Section II discusses the system model under stochastic geometry framework considered in this study. Section III presents the composite fading scenarios we have considered and the proposed closed-form approximations for fading (effective channel gain) PDFs. Section IV illustrates analytical analysis for service outage probability in both direct and offloading modes. Section V presents the simulation results, and finally, Section VI concludes the paper.
II. SYSTEM MODEL
A two-tier HetNets is considered, where the tiers designate the base stations (BSs) of different classes, for example, such as those of macro cells, micro cells, metro cells, pico cells or femto cells. The BSs across different tiers may diverge in terms of supported maximum transmitting power, data rates and the spatial intensity of their deployments. We consider that the spatial locations of the MBSs and SBSs are independent and distributed as Poisson point process (PPP) in two-dimensional Euclidean planes [26] , [27] . Let us consider that the MBSs and SBSs are distributed as PPP Φ M ⊂ D 2 of intensity λ M and PPP Φ S ⊂ D 2 of intensity λ S , respectively. All the MBSs in Φ M ⊂ D 2 and SBSs in Φ S ⊂ D 2 transmit at identical transmitting powers P M and P S , respectively. Although HetNets are interference-limited, in this paper, we consider the thermal noise in the analysis, unlike [27] . Note that neglecting the noise makes the analysis more tractable and then the SINR reduces to the signal to interference power ratio (SIR). Each SBS/MBS serves only one user at each time slot over a bandwidth of B MHz. We consider a system with N TS time-slots. Therefore, the maximum number of users that can be supported during one time slot is N TS . Note that by a time slot we mean the period of one slot, i.e., 0.5 ms in long term evolution-advanced (LTE-A) [28] frame structure. Therefore, the considered network becomes a time division multiple access (TDMA) HetNets.
Let Φ U be the user point process with density λ U , which is independent of Φ M and Φ S . We perform our analysis for a typical user which corresponds to a point selected uniformly at random from Φ U . Without loss of generality, the typical user is located at the center. We assume standard unbounded power-law pathloss propagation model in which the signal power decays at the rate r −η with the distance r, where η > 2 is the pathloss exponent. The envelope of the channel fading between the tagged BS (serving) and tagged MU as well as the channel between tagged MU and interfering BSs can experience either shadowed Nakagami-m or time-shared shadowed/unshadowed fading. We limit our analytical study to a specific time slot in the aforementioned TDMA frame. Hence, the received power at any MU at the center who is at a distance of r from the BS is given by P x gr −η , x ∈ {M, S}, where g is the effective channel gain of the desired link. We assume that the MCN and the SCN operate over orthogonal frequencies. Thus, there is no inter-network interference between MCN and SCN. For a generic user located at the center, the aggregated interference power comes from all the MBSs or SBSs (depending on the modes of operation) operating on the same channel.
A schematic of the considered system model and offloading strategy is provided in Fig. 1 , where a fraction of SBSs in SCN (offloading SBSs) offers offloading service to the MCN, and in return, the SCN is rewarded for its cooperation. The offered incentive is in terms of number of licenses to operate in the spectrum primarily owned by the MCN. The remaining fraction of SBSs in SCN (licensee SBSs) serve SCN's own users over the spectrum owned by MCN. A division between the fraction of SBSs providing offloading services and those who obtain the licenses to operate in MCN's spectrum needs to be determined. A more detailed discussion on density division is provided later in this manuscript.
III. DIVERSE FADING SCENARIOS AND CHANNEL FADING (POWER) PDF APPROXIMATION
Wireless communications are ruled by a complex phenomenon known as radio-wave propagation characterized by various nearly independent effects such as distance dependent path-loss, multipath fading governed by small-scale or short-term signal power fluctuations and shadowing governed by large-scale or long-term signal power variations. For instance, short-term channel fading models include Rayleigh, Rice, Weibull, Nakagami-m while long-term channel fading models are mainly modeled by Lognormal distribution. A list of large number of fading models can be found in [29] . Considering the case wherein the multipath fading and shadowing occur simultaneously, the receiver is subject to a composite fading signal. However, such composite distributions do not lend themselves to performance analysis readily [30] . For example, their cumulative distribution function and moment generating function may not expressible in simple closed-form analytical formulas. In this paper, we have studied shadowed Nakagami-m and time-shared shadowed/unshadowed composite fading models to analyze the outage probability performance in HetNets.
We have chosen shadowed Nakagami-m channel fading model because it applies to a large class of fading scenarios. Nakagami-m model includes the Rayleigh fading model as a special case. A one-to-one relationship or mapping between Nakagami parameter m and Rician factor K allows Rician channel model to be well approximated by Nakagamim channels. Furthermore, Nakagami-m channel model is suitable for frequency-selective fading encountered with orthogonal frequency division multiplexing systems as well as frequencyflat fading channels. Therefore, shadowed Nakagami-m fading model that is versatile enough to model diverse fading scenarios. Furthermore, it has greater flexibility and accuracy in matching some experimental data than the Rayleigh, Lognormal or Rice distributions. On the other hand, the reason for choosing time shared composite fading model is that this model has not been studied extensively in literatures although this kind of fading is often encountered in congested downtowns with slowly moving vehicles and pedestrians.
A. Shadowed Nakagami-m Fading
When signal propagates through the wireless medium, it undergoes deleterious effects mainly characterized by path-loss, multipath fading and shadowing. In such composite fading environment, the receiver reacts to the composite multipathshadowed signal, rather than averaging out the envelope fading due to multipath. This fading scenario is very often observed in congested downtowns areas with slow-moving vehicles and pedestrians. This type of composite fading can also be observed in land-mobile satellite systems subject to urban and/or vegetative shadowing. In this analysis, we study the composite Lognormal/gamma PDF introduced by [31] , which is obtained by averaging the instantaneous Nakagami-m fading amplitude over the PDF of Lognormal fading amplitude as follows
where, Z is a Nakagami-m random variable, representing fast fading, whose PDF is given by f Z (z|σ) =
is the average signal power and m is the Nakagami fading parameter that controls the severity of the amplitude fading. Here, E and Γ[·] are expectation and Gamma operator, respectively. The value m = 1 results in the wide-spread Rayleigh-fading model, while values of m < 1 correspond to channel fading more severe than Rayleigh fading and values of m > 1 correspond to channel fading less severe than Rayleigh fading. Furthermore,
) is the PDF of slow-varying local mean σ, which is a Lognormal random variable that corresponds to shadowing. The parameters μ = ln (10) 10 μ G and ζ = ln (10) 10 ζ G , where μ G and ζ G are the mean and standard deviation of the associated Gaussian process of the shadowing and associated normal process related to the Lognormal shadowing, respectively.
Note that the PDF in (1) and its corresponding CDF are not expressible in closed-from, and as a result, the composite fading distribution in (1) does not lend itself to performance analysis readily. Therefore, in the following, we attempt to derive a simpler approximation for distribution of the composite Nakagami-Lognormal fading. With the substitution t =
, we can express (1) as the following
with
Note that the term
dt is in the form of Gauss-Hermite integration and thus, can be approximated as
where, W(i) and t i are the weights and abscissas (i-th root of an N -th order Hermite polynomial) of the Gauss-Hermite quadrature. Values of W(i) and t i for different N values are listed in [32] . Therefore, the approximated PDF of the composite fading can be expressed as
Note that the received instantaneous signal power is modulated by Z 2 [30] . In order to find the effective channel gain (power) distribution, let H be the random variable which is the square of shadowed Nakagami-Lognormal random variable Z, ie., H = Z 2 defines the channel fading power, and f H (h) be its corresponding PDF. Therefore, f H (h) is the transformed PDF of f Z (z), where H = Z 2 , i.e.,
which is given by (6) (1) in order to diminish the shadowing effect completely. This sets local mean power of exponentially faded channel gains to 1, and we know that (6) should now reproduce an exponential PDF as the channel fading power has Exponential distribution when the fading amplitude is Rayleigh (m = 1) distributed. We have found that (6) reproduces the exponential PDF 0.9997 exp (−h) for m = 1, which is very close to exp (−h).
B. Time-Shared Shadowed/Unshadowed Fading
From the land-mobile satellite channel characterization experiments, it has been observed that the overall fading process is a convex combination of unshadowed multipath fading and a composite multipath/shadowed fading [33] , [34] . According to this fading environment, when there is no shadowing, the fading follows a Rician (Nakagami-n) distribution. On the contrary, when shadowing is present, the assumption is that no direct lineof-sight paths exist and the received signal power is assumed to be exponentially/Lognormally distributed [35] . The convex combination is characterized by the shadowing time-share factor, T , 0 ≤ T ≤ 1. The resulting combined PDF is given by (7) , where Θ = γ 2 2 + ψ 2 , the total power from both the direct path and the multipaths during the unshadowed fraction of time. 10 ζ G , where μ G and ζ G are the mean and standard deviation of the associated Gaussian process of the shadowing and associated normal process related to the Lognormal shadowing, respectively, during the shadowed fraction of time.
Let us consider that the amplitude of the channel fading has Rician distribution, and X represents the amplitude the Rician distributed channel fading. Then the PDF of random variable X is given by
where, I n (·) is the modified Bessel function of the first kind with order n. Let H be the random variable which is the square of Rician distributed variable z, i.e., H = Z 2 defines the channel fading power. Note that γ 2 is the power in the specular path while 2ψ 2 is power in the scattered multipaths. Now, the PDF of H is given by the Dirac-delta method as
Note that in the absence of a dominant scatterer, γ 2 = 0, (9) reduces to the exponential PDF, as should be expected. (This result uses the fact that I 0 (0) = 1.). Note that ∞ 0 f H (h)dH = 1, so the PDF is correctly normalized for γ 2 = 0. Note that for other values of γ 2 , the PDF is not correctly normalized, thus a normalization factor needs to be incorporated to the PDF. Now, in order to have a better tractability, we express f h (h) in terms of the Rician factor K, where K = γ 2 /2ψ 2 is the ratio of power in specular path to the power in scattered multipaths. We know that Rician fading is generally described by one more parameter, which is Θ = γ 2 + 2ψ 2 , the total power from both the direct path and the multipaths. The power in direct path in terms of K and Θ is given by 
Like (9), the PDF expression in (10) is also not correctly normalized for general values of K other than case K = 0. A normalization factor e 2K should be multiplied with PDF in (10) . Note that the PDF expression in (10) is not in the closed-form because of the Bessel function. One must resort to numerical integration techniques or to approximated expressions in order to perform numerical evaluation. We employ a very efficient and simple approximation to the Bessel function I 0 (x). There have been extensive studies on approximating the Bessel function in terms of exponential, trigonometric and polynomial expansions [36] , [37] . Based on non-oscillatory behaviour of the modified Bessel functions, a good approximation model given as a sum of pure real finite exponential series is proposed in [38] , for which the term I 0 (2
) in (10) can be approximated 2 as
where, the values of α's and β's are listed in [38, Table 1 ]. Therefore, the approximated PDF for the power of Rician faded signal is given by
Let us now focus on approximate the PDF of the Lognormal shadowing to find an approximate closed form, where the PDF for the Rayleigh/Lognormal distributed fading is given by
1 Note that Rician fading channel is also known as Nakagami-n fading channel for which the PDF of channel fading H is given by f (10) can be further simplified to the following expression using Hypergeometric function instead of Bessel function as f H (h) 
. 2 The normalization factor exp(2K ) is not required for the approximated PDF. It is already correctly normalized for any K value.
Since the instantaneous channel fading power H is given by H = Z 2 , the PDF of channel fading (power) is given by and exploiting the approximation for Gaussian-Hermite integration, we can express the PDF as the following
where, the function Ψ(t) is given by
Therefore, the PDF of the time-shared shadowed/unshadowed channel fading (power) is given by
Validation of the proposed approximations in (6) and (16) for the PDFs of considered composite channel fading models is performed and shown in Fig. 2 . We observe a very close match between the original and the approximated PDFs both for the amplitude and effective power of the channel fading. For the time-shared shadowed-unshadowed fading, there is a slight mismatch between the original and approximated PDFs. Therefore, the proposed approximations are highly accurate. We have noted that for time-shared shadowed/unshadowed fading, higher values of K and shadowing standard deviation ζ G make the PDF curves steeper as effective channel fading gains get more localized around the mean.
IV. SERVICE OUTAGE ANALYSIS FOR USER WITH AND WITHOUT OFFLOADING
The SINR outage probability is an important performance measure of communication links operating over composite fading/shadowing channels. It is defined as the probability that the received SINR falls below a certain protection threshold. In particular, we are interested in performance metric MU downlink service outage probability 3 , which associates SINR outage probability with user selection probability p m s . Here and for the analysis to follow, we consider the path loss exponent η to be 4. This is a widely accepted value for environments where the signal suffers from building obstructions [11] with our consideration of the city center as the possible candidate for the deployment of the scheme. Note that the MCN and SCN do not belong to the same mobile network operator. In the absence of cooperation, both the MCN and SCN operate on their own frequency bands which do not overlap. Independent resource allocation can be performed in each tier, but, there is no inter-tier interference. However, the system experiences intra-tier (inter-cell within a tier) interference, and the intra-tier interference, i.e., the effective interference between MBSs/SBSs depend on frequency reuse factor and enhanced inter-cell interference cancellation techniques. Furthermore, when an MBS shares its spectrum with the SCN, again there is no inter-tier interference as the MBS does not transmit to any MU during the offloading service and remains almost silent through use of almost blank subframes [39] feature, which is an inter-cell interference cancellation component of LTE-A Release 10. The SBS density, i.e., SBSs per unit area, λ S is divided into two fractions determined by a set of parameters On the other hand, when the SCN offloads the MUs from MCN, let the offloading operation cost incurred be quantified as C. The cost C can be a function of transmitting power of the offloading SBS, operation cost per Watt of transmitting power and number of offloading/licensee SBSs. The amount of spectrum the MCN offers as an incentive to the SCN is exactly the same amount that would have been assigned to the tagged MU if it was served within MCN tier, which is equal to system bandwidth since we have considered a TDMA HetNets system. On the other hand, understandably, the least expectance of the SCN is obtaining spectrum licences in terms of licensee SBSs serving own users sufficient enough to overcome its offloading operation cost. Let O the maximization of their minimum utilities in a bargaining process 4 . Therefore, a 2-tuple (ψ m ,ψ s ) is associated with the density division optimization/bargaining process, and the optimization problem is given by max(ψ m −ψ m )(ψ s −ψ s ), subject to ψ m + ψ s = 1. Fig. 3 shows the optimal density division parameters (ψ * m , ψ * s ) for ψ m = 0.6 and ψ s = 0.8. The optimal point is marked with red dot point. A similar Nash bargaining approach is considered in [41] to obtain the best strategies of the two participating players on determining spectrum leasing ratio and open access ratio, while investigating the spectrum leasing issue among macrocell service provider and femtocell service provider with the consideration of hybrid access control.
A. Probability of Unsuccessful Communications Between MBS and MU in MCN Tier
In the general mode of transmission, the MBSs in the MCN transmit to the MUs and there is no inter-tier interference as the MCN and the SCN operate over orthogonal frequencies, i.e., the SCN is not permitted to operate over the spectrum owned by the MCN. The instantaneous SINR of the tagged MU when it is served by MBS, Ω MU d can be expressed as 4 Nash's bargaining approach [40] can be followed to model the arrangement over the SBS density division. The MBS and the SBS calculate their minimum utility acceptances and attempt to bargain to maximize their respective utilities through maximization of their shares in SBS density division. Here, (ψ * m , ψ * s ) is the solution of the bargaining game. The bargaining process fails if the MBS/SBS receives a share below its minimum utility. Both the MBS and SBS have their own strategy profiles, and play strategies in terms of demanding shares in the SBS density. If the MBS and the SBS are not content with result of the bargaining, there is no agreement. If the bargaining game is a compact and convex set, the set of payoffs (ψ * m , ψ * s ) is a Nash bargaining solution [11] .
where, Φ M \ MBS o is the set of MBSs in Φ M except the BS MBS o that serves the tagged MU (we assume that the tagged user under consideration is located at the origin o). The MU is served by the closest/strongest MBS (without fading), MBS o located at the random distance r, and g is the effective channel between MBS o and the tagged MU following Exponential distribution. The effective channel and distance between the jth interfering BS and the tagged user is denoted by h j and l j , respectively. 2 is the thermal noise at the receiver. Let θ M be the SINR threshold of the MUs. The interference power is also attenuated by the path loss so the effective interference power from each interfering MBS is less than the desired power even though the fading distributions have equal mean. In order to satisfy MUs' quality-of-experience requirements, let the downlink rate provided to the requested MU needs to be at least R, so that the user does not observe any interruption during its experience. We know that the downlink rate depends on the SINR with R = log 2 (1 + SINR). We have taken the service outage probability as the performance metric of interest in our system model. A successful communication between the tagged MU and the tagged MBS is declared when SINR exceeds θ M . Therefore, conditioning on the nearest (serving) MBS being at a distance r from the tagged user, the service outage
where, r j is the distance of the jth interfering MBS from the tagged user captured by Φ M and
is the noise power normalized by the transmit power. We consider a fully loaded or congested MBS. The MBS selects a particular MU that will be served in a designated time slot with probability 5 p m s . Note that the expectation is to be taken over the interference function. Let f I M (i) be the PDF of the interference. For a tractable analytical model of the service outage probability and ease of analysis, we derive the analytical expressions for a Rayleigh faded channel (envelope) between the tagged MU and the serving BS while the interfering links experience composite fading. We know that
In practical networks, the MBSs have access to time-constrained framestructure depending on the latency requirement of the system, i.e., can access a limited number of time-slots. The probability p m s accounts for the fact that a number of users N U much larger than than the available time-slots, i.e., N U >> N T S may be associated to an MBS given only one user is supported during the designated time-slot. Therefore, it is a function of λ M , user density in the network λ U and N T S . The user selection probability on a designated time-slot is also associated with the types of services/applications the users are running/requesting for. For example, the guaranteed bit rate (GBR) users may have higher p m s than the non-GBR (best effort) users. Incorporating user selection probability in the analysis gives us essentially the flexibility to encompass varying load scenarios. 6 . Therefore, when the effective channel gain g has Exponential distribution with unit mean, we can express the service outage
where,
is the Laplace transform of the interference function f I M (i). Therefore, SINR outage probability of the MU in direct mode is equal to the Laplace transform of the interference evaluated at s = θ M r η . From the definition of Laplace transform and interference expression, we have
It should be noted that the expectation is to be taken over both the PPP and the channel power fading. Due to the independence of the fading coefficients from the PPP and the fact that they have i.i.d. distribution, we can express L I M [s] as the following
Note that the PPP is stationary, therefore, the interference does not depend on the specific locations of the interferers. Making use of probability generality functional (PGFL) [42] we obtain the Laplace transform of the cumulative interference I M as [26] , [42] , where Ψ d is the volume of d−dimensional unit ball. Notice that the integration limit ranges from r to ∞ since the closest interfering MBS is at least at distance r from the tagged MU. The interfering MBSs are located within the area R d \ J (0, r), where J (x, y) is defined as a ball of radius y centered at point x. Therefore, only the MBSs that are outside the ball and transmit 6 When the envelope of the channel between the tagged MU and tagged MBS is not Rayleigh faded, it is difficult to obtain an easily tractable analytical model for service outage probability. For example, when g ∼ f G (g) in (6) with m = 2, μ G = 1 and ζ G =0 dB, we have
is the error function given by Q(x) = 
(23) For a 2-dimensional space with s = θ M r η , the effective Laplace transform can be expressed as
By using the substitutions l −η → v, we solve the inner integral and obtain the
where, Γ[a, x] is the incomplete Gamma function. From (19) we know that the SINR outage probability needs to be averaged over the plane. Let, f R (r) be the distance distribution from the tagged MU to the nearest MBS, which is given by
Now, substituting (19) and making use of the substitution r 2 → ϑ, the service outage probability Ω
MU d
can be expressed as in (25) . When the envelope of the links between the interfering SBSs and the tagged MU are Rayleigh faded with local mean power 1, the service outage probability can be expressed as a closed-from and is given by (26) . Due to the nature of the expression in (25) and the presence of incomplete Gamma function, the service outage probability cannot always be solved symbolically (depends on the values of composite fading parameters, i.e., can only be solved numerically). In the following, we obtain the service outage probability symbolically for shadowed Nakagami-m fading with m = 1/2, μ G = 1 and ζ G = 0 dB as
where the set of constants {c 1 , c 2 , c 3 } is given by {2.4673, 2.7842, 1.5708}, while for time-shared shadowed/unshadowed fading with T = 1/2, K = 0, Θ = 1, μ G = 1 and ζ G = 0 dB, we obtain the service outage probability as given in equations (25)- (27) as shown at the bottom of the next page.
B. Probability of Unsuccessful Communications Between the SBS and MU in Offloading Mode
In the offloading mode, we consider that all the SBSs in SCN are offloading one MU each during the same time slot. This creates interference, at levels that depend on the location of the small cells within the MCN coverage area, the transmission power and other environmental factors.
We now investigate the service outage probability characteristics when the tagged MU is offloaded to one of the small cells. The tagged MU is offloaded to the closest SBS. In this offloading mode, the MU experiences interference from the the licensee SBSs Φ l S who are providing services to their respective SUs during the same time slot on the shared spectrum. During offloading the MBS does not transmit to the tagged MU. The SINR achieved by the tagged MU in the offloading mode, Ω MU o can be expressed as
Here, ξ S is the thermal noise normalized by the SBS transmit power. The number of licensee/offloading SBSs within the given area is expected to be very high, especially in highly dense SCN deployment. The SINR of the tagged MU (being offloaded) or the SU (being served by a licensee SBS) is greatly affected by the simultaneous transmission by licensee SBSs. Forming a cooperative SCN as proposed in [43] , the interference can be effectively mitigated by (i) planned SBSs deployment with flexibly controlled coverage, (ii) dynamic resource management and (ii) interference coordination through sensing the spectrum occupation condition and exchanging information with neighbour SBSs. However, to keep the analysis simple, we have not considered such interference mitigation techniques. The MU is served by the nearest SBS within Φ o S , SBS o located at the random distance r, and g is the channel gain between SBS o and the tagged MU. A successful offloading, i.e., communication between the tagged MU and the SBS o is declared when SINR exceeds θ M . Therefore, the service outage probability O S o is given by
where, l j ≥ r is the distance of the jth interfering SBS from the tagged user captured by Φ l S and
j . The PDF of channel power fading coefficients is given by f H (h) where, Now, similar to (19) , we can express the service outage probability of the tagged MU when it is offloaded to the SCN as
where, L I S [s] is the Laplace transform of the cumulative interference I S . Note that when the tagged MU is offloaded to the SCN, as a result of the density division scheme considered in this work, a fraction of SBSs, i.e., ψ m λ S participate in the offloading. Again, exploiting the independence feature of the fading coefficients from the PPP and using PGFL, we obtain the Laplace transform of the cumulative interference as
with intensity measure Λ S = 2ψ m λ S lπ for a 2-dimensional space. Consequently, L I S [s] can be expressed as
(32) Finally, after following similar steps as in Sec. IV-A, the service outage probability averaged over the plane derived from the Laplace transform of the interference evaluated at s = θ M r η s is given by
. Note that the analysis so far has been obtained considering the fact that the effective channel fading gain of the desired link is exponentially distributed with local mean power 1. For any general local mean power κ > 0, we need to replace the SINR threshold parameters θ M and θ S with κθ M and κθ S , respectively, in the above expressions.
1 − p m s Fig. 4 . Impact of varying SBS density and SINR threshold on the service outage probability performance of MU with and without offloading. The density division parameters: ψ m = 0.5 and ψ s = 0.5.
V. PERFORMANCE ANALYSIS
As we have obtained the expressions for service outage probability of the tagged MU both in unoffloaded and offloaded modes, it is now essential to study service outage probability characteristics in different system setups and composite fading scenarios. The MBS density is set to 4 per unit area, and the SBS density is varied to see how the rate coverage performance curves evolves. The thermal noise power spectral density is −174 dBm/Hz with B = 20. In order to keep the analysis simple, we have fixed the value p m s to 0.45. We validate derived analytical expressions for the service outage probability via Monte Carlo simulations. The numerical results are obtained by averaging over 10 4 realizations. In each realization, the MBSs and the SBSs are distributed according to PPPs with given densities. The desired and interfering powers of the typical user are drawn randomly according to the corresponding probability distributions. The service outage probability is then calculated by considering SINR. Fig. 4 compares the MU's service outage probability with and without offloading services provided by SCN versus SINR thresholds in the case of Nakagami-Lognormal channel amplitude fading interfering signals. The Nakagami parameter m and shadowing standard deviation ζ G are set to 1 and 0 dB (shadowing effect diminishes), respectively, i.e., the channel fading (amplitude) has Rayleigh distribution with unit local mean power. It can be seen that offloading results in a lower service outage probability performance. For example, when an MU in MCN with λ M = 4 is offloaded to an SCN with λ S = 60 with ψ m = 0.5, the service outage probability drops down from 0.86 to 0.75 when the SINR threshold is fixed to 0 dB. With increased SBS density, small cells being placed closer to tagged MUs, offloading can be more spectrally efficient in a high MCN traffic scenarios and for coverage extension. As the SINR threshold increases, the service outage probability also increases as expected. Note that simulation results are very close to analytical results because of the fact that we consider a large 2-dimensional space (30 km 2 ) in which the BSs are generated, and perform a large number of iterations. However, we observe a decreasing rate of enhancement in the service outage probability performance as the density of the SBSs becomes higher (see the black curve) since the number of interfering SBSs also increases when we increase offloading SBS density ψ m λ S . Clearly, this offloading is beneficial for the tagged MU, which may be located at the cell boundary area and unable to connect to nearby SBSs due to closed-access policy of the SCN unless cooperation is considered.
In Fig. 5 , we analyze how the Nakagami fading parameter m and Lognormal parameters μ and ζ impact the service outage probability performance. The SBS density λ S is set to 40 with ψ m = 0.5 and SINR threshold is varied from −10 dB to 10 dB. We observe that although increasing the value of parameter m deteriorates the SINR coverage, the impact is not strong, whereas increasing the shadowing standard deviation and/or the local mean power have very significant impact on the overall service outage probability performance. Note that increase in local mean power from 1 to 2 has greater impact in terms of increasing the service outage probability compared to increase in shadowing standard deviation from 0 dB to 4 dB. Therefore, the presence of shadowing greatly affect the MU's service outage probability performance when it is offloaded to SCN for coverage extension.
In Fig. 6 , we evaluate the service outage probability performance of the offloaded MU in time-shared shadowed/unshadowed fading scenarios, and compare the analytical results to numerical results. When no shadowing is present in time-shared shadowed/unshadowed fading, i.e., T = 0, the channel fading amplitude follows a Rice (Nakagami-n) PDF, and the corresponding service outage probability performance is depicted by the red curve with Rician factor K = 0 (a special case of Rician fading when the line-of-sight component is zero), therefore, channel fading power is exponentially distributed. Incorporating shadowing of standard deviation of 8 dB and increasing the local mean power deteriorates the service outage probability performance significantly. Note that there is strong matching between the analytical results and the numerical results. In this plot, we also evaluate the impact of Rician parameter K on the service outage probability when there is no shadowing present (see the black curve). Interestingly we observe that increasing K, in fact, improves the service outage probability performance Note that as the value of parameter K increases, power in the line-of-sight component increases, the service outage probability decreases as expected. The leftmost point of the black curve (i.e., K = 0) corresponds to the Rayleigh distributed channel amplitude fading and the rightmost point (K = 1) corresponds to Rice faded channel amplitude fading with equal power in line-of-sight component and multipath components.
In Fig. 7 , we analyze the service outage probability performance of offloaded MU in time-shared shadowed/unshadowed fading scenarios, and evaluate the impact of the time-sharing parameter T on service outage probability by varying it from 0 (only Rician or Nakagami-n faded envelope) to 1 (only exponentially/Lognormally faded effective channel power). Recall that overall fading process is a convex combination of unshadowed multipath fading and a composite multipath/shadowed fading. The combination is characterized by the shadowing time-share factor T . The red curve is obtained by setting the time-share factor T to 0.5, therefore, the interfering signals experience both Rician fading and Rayleigh-Lognormal fading in a time-sharing manner. This situation can be referred to a scenario where for a period equal to half of the slot time the signals experience Rician fading (no shadowing) and for the rest half of the slot time, they experience Rayleigh-Lognormal fading (no line-of-sight component). The service outage probability increases as SINR threshold increases. The black curves depict the service outage probability performances when the time-sharing factor T is varied under fixed SINR threshold of 0 dB and 5 dB, therefore, the fading ranges from pure Rician with K = 1 (the leftmost end) to pure Rayleigh-Lognormal (the rightmost end) with μ G = 1 and ζ G = 8 dB. Note that the service outage probability of the offloaded MU when the channel fading has Rayleigh-Lognormal distribution is higher than that of when the channel fading is Rice distributed because of presence of shadowing even though the local mean power is same. At the same time, as expected, the service outage probability with fixed SINR threshold of 5 dB exhibits higher service outage probability compared to the case where SINR threshold is set to 0 dB. Note that the interception points of the red curve with the black curves occur perfectly at 0 dB and 5 dB.
We perform performance comparison between shadowed Nakagami-m and time-shared shadowed/unshadowed fading when both desired and interfering links are composite faded in Fig. 8 . Note that the solid red line depicts the service outage probability for exponentially faded desired and interfering channels with unit local mean power as a benchmark. For both of shadowed Nakagami-m and time-shared shadowed/unshadowed fading, we have considered two different settings for fading parameters for desired and interfering links. The solid green line exhibits the service outage probability of the tagged MU when both desired and interfering links are faded under same fading scenarios, i.e., fading parameters settings, where m = 2, μ G = 1 and ζ G = 4 dB. This service outage probability is slightly worse than the red line service outage probability because of the presence of shadowing in spite of the fact that the Nakagami parameter m is 2 (less severe fading than Rayleigh fading). While the dotted green line shows the service outage probability performance when the desired link has the same parameter setting as the solid line, however, the interfering links are severely faded with m = 1/2, μ G = 1 and ζ G = 8 dB. As a result, we have even worse service outage probability performance for the tagged MU. The service outage probability worsens by approximately 5% at SINR threshold of 0 dB. On the other hand, when both the desired and interfering links are affected with time-shared shadowed/unshadowed fading, the service outage probability performances are depicted by magenta colored lines. The solid line shows the service outage probability performance when both of the desired and interfering links faded under same fading parameters settings with T = 1/2, K = 1, Θ = 1, μ G = 1 and ζ G = 8 dB. Since both desired links and interfering links have specular component, the SINR is dominated by the cumulative interference, and as a result, the tagged MU experiences very bad service outage probability situation. However, when the interfering links no longer have specular components, the tagged MU's service outage probability improves, which is depicted by the dotted magenta line.
VI. CONCLUSION
In this study, we have considered offloading of MUs to SCN under various composite fading scenarios under the framework of stochastic geometry HetNets. In particular, two different types of composite fading scenarios are considered, and we have formulated approximated closed-form expressions for the PDFs of the considered composite fading channels. The impact of small cell base station density on the offloading decision has been analyzed in terms of service outage probability of the MUs both in direct and offloaded modes. Furthermore, the impacts of the various channel fading parameters along with the Rician-K factor and time-sharing factor have also been investigated. Extensive Monte-Carlo simulations validate the analysis. Although this work mainly focuses on how the tagged MUs' offloading performance is affected by the SCN's licensee SBS density and composite fading, the closed-form approximations of the fading PDFs and analytical analyses performed in this works are conveniently applicable to other wireless communications systems.
The present study focuses, in particular, on the need of improved coverage of MCN or serving a cell-edge UE through offloading to SCN, and the tagged UE is served by only one tier at any time. A potential future direction lies in the evaluation of achievable throughput and/or reliability when the UE is served by both MCN and SCN simultaneously. The carrier frequencies of the two simultaneous/parallel communications may be same or different depending on the deal. The SBS may simultaneously use the spectrum along with the MBS or may use a different carrier originally owned by either MCN or SCN. Another natural next step is to analyze the framework with multiple MCNs/SCNs, where they compete with each other in this spectrum/infrastructure sharing market.
